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We study the ground-state entanglement in the quantum Ising model with nearest neighbor ferromagnetic
coupling J and find a sequential increase of entanglement depth with growing J . This entanglement avalanche
starts with two-point entanglement, as measured by the concurrence, and continues via the three-tangle and
four-tangle, until finally, deep in the ferromagnetic phase for J = ∞, arriving at pure `-partite (GHZ type)
entanglement of all ` spins. Comparison with the two, three, and four-point correlations reveals a similar
sequence and shows strong ties to the above entanglement measures for small J . However, we also find a
partial inversion of the hierarchy, where the four-point correlation exceeds the three- and two-point correlations,
well before the critical point is reached. Qualitatively similar behavior is also found for the Bose-Hubbard
model, suggesting that this is a general feature of a quantum phase transition. This should have far reaching
consequences for approximations starting from a mean-field limit.
PACS numbers: 03.67.Mn, 05.30.Jp, 05.30.Rt, 75.10.Pq
Introduction Entanglement is one of the main reasons for
the complexity of quantum many-body systems in that, the
more entangled a quantum system is the more complex its de-
scription becomes. As an example, let us consider ground
states of lattice Hamiltonians. If we have no entanglement
between the lattice sites i, the quantum state is fully sepa-
rable |Ψ〉 = ⊗i |ψi〉 and thus quite simple. As a result, it
is possible to employ a mean-field description where observ-
ables Aˆi and Bˆj at different lattice sites i and j are uncor-
related 〈AˆiBˆj〉 = 〈Aˆi〉〈Bˆj〉. However, except for very few
special cases (mean-field limit or Kurmann-Thomas-Mu¨ller
point [1, 2]), such a description is not exact. It is possible
to improve this mean-field ansatz by adding some amount of
entanglement. This can be achieved either directly [3] or with
matrix product states [4, 5] or tree-tensor networks [6–8]. But
these descriptions do only work reliably if the entanglement
is bounded in a suitable way as highlightd in Refs. [9, 10].
On the other hand, many interesting phenomena in con-
densed matter are associated with and occur at or close to
quantum critical points, where typically the entanglement be-
comes very large. As one of the simplest yet prototypical ex-
amples [11], let us consider the one-dimensional Ising model
in a transverse field
Hˆ = −J
∑`
i=1
σˆzi σˆ
z
i+1 −
∑`
i=1
σˆxi , (1)
where σˆx,y,zi denote the spin-1/2 Pauli matrices acting on the
lattice site i and periodic boundary conditions σz`+1 = σ
z
1 are
imposed. This model displays a Z2 symmetry correspond-
ing to the simultaneous flip of all ` spins. In this regard, for
`→∞, we have a symmetry-breaking second-order quantum
phase transition from the paramagnetic phase at |J | < 1 to
ferromagnetism at J > 1 [11]. For J = 0, we have the sep-
arable paramagnetic state |→→→ . . . 〉 without entanglement
while for J → ∞, the ground state corresponds to the fer-
romagnetic state (|↑↑↑ . . . 〉+ |↓↓↓ . . . 〉)/√2 with GHZ-type
multi-partite entanglement between all ` spins. Here, |→〉 is
the eigenstate of σx and |↑〉 that of σz to the eigenvalue +1.
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FIG. 1: (color online) The entanglement between two, three, and
four neighboring spins measured by the concurrence C2 (black), the
three-tangle
√
τ3 (green), and the four-tangle τ4 (blue) as a func-
tion of J . For the latter two, the approximation (2) was used. The
concurrence starts linearly for small J and the three-tangle
√
τ3
quadratic, while the four-tangle vanishes until J0 ≈ 0.55. They as-
sume their maximum values at Jmax2 ≈ 0.796, Jmax3 ≈ 0.890, and
Jmax4 ≈ 0.94, respectively – which shows the sequential increase of
entanglement depth (avalanche of entanglement).
At the critical point Jcrit = 1, the entanglement entropy be-
tween the left and the right half of the Ising chain diverges as
ln ` [12].
However, this large amount of entanglement cannot be ex-
plained by entanglement of pairs alone [13], as measured by
the concurrence. Together with the entanglement monogamy
relation [14, 15] (see also [16–19]) this strongly suggests the
emergence of multipartite entanglement [20, 21] (triples and
quadruples etc.), which will be studied in the following sec-
tion, see also Fig. 1. The relation to multipartite quantum
correlations will be analyzed later on, also with reference to
another prototypical model of quantum phase transitions, the
Bose-Hubbard model.
Entanglement In order to study the multi-partite entan-
glement during the quantum phase transition of the Ising
model, we employ its exact solution via Jordan-Wigner and
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2Bogoliubov transformation to a free fermionic model [22, 23]
which allows us to obtain the reduced density matrices of two
ρˆ2 = ρˆij , three ρˆ3 = ρˆijk, and four ρˆ4 = ρˆijkl neighboring
spins [20, 22]. After diagonalizing these matrices, we find that
they all possess two dominant eigenvalues p1 and p2 while the
sum of the remaining sub-dominant eigenvalues stays below
2.5% (for details, see the supplement [24]). Thus, we approx-
imate the two-point reduced density operators as
ρˆij ≈ p1
∣∣ψ1ij〉 〈ψ1ij∣∣+ (1− p1) ∣∣ψ2ij〉 〈ψ2ij∣∣ , (2)
and analogously for ρˆijk and ρˆijkl. Actually, the accuracy of
this approximation should be even better than 2.5%: while
the multi-partite entanglement of the first
∣∣ψ1...〉 and the sec-
ond
∣∣ψ2...〉 eigenvectors can interfere destructively with each
other, we checked that this is not the case for the third. The
third eigenvector
∣∣ψ3...〉 has a different structure: For three and
four spins, the state(s) of the central spin(s) are fixed to |→〉
while the two boundary spins form a Bell state – i.e.,
∣∣ψ3...〉
contains bi-partite entanglement only, which here does not in-
terfere with the multi-partite entanglement of
∣∣ψ1...〉 and ∣∣ψ2...〉.
As a result, we expect that the accuracy of this approximation
is around 0.5% or even better. For two spins, we checked
this approximation by comparing the exact concurrence with
that derived from (2) and found that they are virtually indis-
tinguishable (see the supplement [24]).
The approximation (2) as motivated by the dominance of
the two largest eigenvalues is a great simplification, because
we obtain rank-two density matrices, for which the three-
tangle τ3 and the four-tangle(s) τ4 can be calculated ex-
actly [25, 26] for this model. Note that an exact extension
to arbitrary mixed states by the convex roof is not known so
far for the three-tangle since the homogeneity degree of the
polynomial measure is larger than two.
In analogy to the three-tangle τ3, we call those polynomial
SL-invariants that are zero for arbitrary product states [27]
four-tangle and use the notation τ (i)4 , i = 1, 2, 3, for those
powers that scale linearly in the density matrix. All three of
them essentially lead to the same output, and therefore τ4 will
represent the four-partite entanglement content of the model.
This four-partite entanglement is hence of GHZ-type because
only the GHZ entanglement is measured by all three mea-
sures in the same way [27–29]. Altogether, these quantities
τ3 and τ4 measure the tri-partite entanglement of ρˆ3 and the
quadri-partite entanglement of ρˆ4, and are shown in Fig. 1. We
plotted τ1/23 because this quantity also yields a homogeneous
functions of degree one in the density matrix ρˆ3 and thus all
the tangles shown have properties similar to probabilities. For
completeness, we also included the pairwise entanglement of
nearest neighbors, as measured by the concurrence C2.
As is well-known, the concurrence first grows as a function
of J until it reaches a maximum at J ≈ 0.796 and later de-
creases again (with an infinite slope at the critical point [30]).
The three-tangle
√
τ3 starts to grow much slower at small
J and reaches its maximum later than the concurrence at
J ≈ 0.89. The four-tangle(s) τ4 are even zero until J ≈ 0.55
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FIG. 2: (color online) Plot of the three-tangle
√
τ3 versus the three-
point correlation bound ||ρcorr3 ||1 for a random selection of 40.000
pure Acin states [32]. Each dot in the figure corresponds to a single
state. The thin black line corresponds to
√
τ3 = ||ρˆcorr3 ||1. The lower
red (a) and upper blue curve (b) are obtained for GHZ states that
are made of two (α| ↑↑↑〉 + β| ↓↓↓〉) and four (α| ↑↑↑〉 + β|W〉)
product basis elements, respectively, where |W 〉 = (|↓↑↑〉+ |↑↓↑〉+
|↑↑↓〉)/√3. Although ||ρcorr3 ||1 is not always larger than √τ3 (as it
is the case for two spins), it is however satisfied approximately.
and reach their maximum yet a bit later at J ≈ 0.94. Even
though having no results for more spins, we conjecture that
this sequence or avalanche of entanglement continues until fi-
nally, deep in the ferromagnetic phase, we get pure `-partite
entanglement of all spins [31].
Entanglement versus correlations As already mentioned
in the Introduction, a pure state without any entanglement is
fully separable |Ψ〉 = ⊗i |ψi〉 and thus quite simple. For ex-
ample, observables Aˆi and Bˆj at different lattice sites i and
j are uncorrelated 〈AˆiBˆj〉 = 〈Aˆi〉〈Bˆj〉. In the following, we
shall study the relation between entanglement and the result-
ing correlations in more detail. To this end, we start with the
reduced density matrices for one ρˆ1 = ρˆi, two ρˆ2 = ρˆij , three
ρˆ3 = ρˆijk, and four ρˆ4 = ρˆijkl spins and split up the corre-
lated parts via ρˆcorrij = ρˆij − ρˆiρˆj , and analogously for more
spins (see supplement [24]). The correlation between the two
observables 〈AˆiBˆj〉corr = 〈AˆiBˆj〉 − 〈Aˆi〉〈Bˆj〉 can be writ-
ten as 〈AˆiBˆj〉corr = Tr{AˆiBˆj ρˆcorrij } and similarly for three
or more sites.
Since correlations such as 〈AˆiBˆj〉corr and 〈AˆiBˆjCˆk〉corr
obviously depend on the observables Aˆi, Bˆj , and Cˆk, it is
convenient to derive an estimate directly from the correlated
density matrices such as ρˆcorrij . For observables whose norm is
bounded by unity (|Aˆi| ≤ 1, |Bˆj | ≤ 1 etc.) such as the Pauli
spin matrices, we obtain
〈AˆiBˆj〉corr = Tr
{
AˆiBˆj ρˆ
corr
ij
}
=
∑
I
λI
〈
χIij
∣∣ AˆiBˆj ∣∣χIij〉
≤
∑
I
|λI | = ||ρˆcorrij ||1 , (3)
where we have inserted the diagonalization of ρˆcorrij with
eigenvalues λI and eigenvectors
∣∣χIij〉. We find that the Schat-
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FIG. 3: (color online) Norms of correlated reduced density operators
for two ρˆcorr2 (red), three ρˆcorr3 (green), and four ρˆcorr4 (blue) neigh-
boring spins in the transverse Ising model. At J ≈ 0.8, i.e., well
before the critical point, the 4-point correlations exceed the 3-point
correlations. The 2-point correlations dominate both until the criti-
cal point is reached, afterwards the 4-point correlations prevail. The
horizontal dashed lines represent the asymptotic values for J →∞.
ten one-norm ||ρˆcorrij ||1 of the correlated density matrix ρˆcorrij
yields an upper estimate for the correlations 〈AˆiBˆj〉corr of all
observables whose norm is bounded by unity. Hence, we shall
focus on this quantity in the following. Obviously, the same
argument can be applied to three or more sites in complete
analogy.
For two spins, it is well-known that the largest correlation
function for pure states coincides with the concurrence [33].
For mixed states, this becomes an upper bound, i.e., the
maximum correlation is larger or equal to the concurrence
||ρˆcorrij ||1 ≥ C2. Unfortunately, for three or more spins, such
a rigorous bound is not known.
Thus, let us consider a system of three spins. A pure state of
the system can be represented as a superposition of five local
bases product states [32]. We generate these states randomly
and calculate the three-tangle τ3 and ||ρˆcorrijk ||1. The results are
plotted in Fig. 2. Again, we show
√
τ3 because this quantity is
a homogeneous function of degree one in the density operator
ρˆ3 and thus has properties similar to a probability. We find
that
√
τ3 is a very good approximation for a lower bound to
||ρˆcorrijk ||1. This is very similar to the two-spin case above, but
one should be aware that
√
τ3 can exceed ||ρˆcorrijk ||1 a little bit
– there are points in Fig. 2 which lie slightly on the left of the
black diagonal line (indicating the points where ||ρˆcorrijk ||1 =√
τ3).
Similar calculations for four spins indicate that ||ρˆcorrijkl||1 is
also an approximate upper bound for the four-tangle τ4. How-
ever, since the available phase space for four spins is much
larger, the statistics is rather poor (see more details in the sup-
plement [24]).
In summary, while the two-point correlation ρˆcorrij and the
pairwise entanglement C2 are related via the exact bound
||ρˆcorrij ||1 ≥ C2, we find analogous approximate relations be-
tween the three- and four-point correlations ρˆcorrijk and ρˆ
corr
ijkl on
the one hand and the corresponding entanglement measures√
τ3 and τ4 on the other hand.
Correlations for the Ising model Motivated by the above
findings, let us study the Schatten one-norms of the correlated
density matrices for two, three, and four neighboring spins.
Note that we used the exact results for the reduced density ma-
trices (obtained by Jordan-Wigner and Bogoliubov transfor-
mation) without the approximation (2). The results are plotted
in Fig. 3. As expected from stationary perturbation theory (see
supplement), the two-point correlation ||ρˆcorr2 ||1 = ||ρˆcorrij ||1
behaves linearly in J for small J , while the three-point cor-
relation ||ρˆcorr3 ||1 = ||ρˆcorrijk ||1 and the four-point correlation
||ρˆcorr4 ||1 = ||ρˆcorrijkl||1 scale with the second and third power of
J , respectively.
Thus, for small J , the correlations obey the same hierarchy
||ρˆcorr2 ||1  ||ρˆcorr3 ||1  ||ρˆcorr4 ||1 as the entanglement mea-
sures in Fig. 1, except that ||ρˆcorr4 ||1 does not vanish for finite
J in contrast to τ4. However, at J ≈ 0.8, i.e., well before the
critical point, this hierarchy is violated as the four-point cor-
relation ||ρˆcorr4 ||1 exceeds the three-point correlation ||ρˆcorr3 ||1.
The two-point correlation ||ρˆcorr2 ||1 is still dominant in this re-
gion – this only changes near the critical point. This inversion
of the hierarchy, i.e., the dominance of ||ρˆcorr4 ||1 over ||ρˆcorr3 ||1
in a region within the symmetric paramagnetic phase, should
be relevant for approximation schemes which truncate the hi-
erarchy of correlations at some order (see below).
Bose-Hubbard model One might suspect that this inver-
sion of the hierarchy is a rather specific result due to the inte-
grability of the model under consideration or may be induced
by the fact that deep in the ferromagnetic (broken-symmetry)
phase, the three-point correlation vanishes whereas the four-
point (and two-point) correlators approach constant non-zero
values. (Note that an inversion of the two-point and four-point
correlations just happens at the critical point.) In order to in-
vestigate whether the inversion of the hierarchy is a general
phenomenon or indeed a peculiar feature of the Ising model,
let us consider the other prototypical example for a quantum
phase transition [11, 34], the Bose-Hubbard model
Hˆ = −J
∑`
i=1
(
bˆ†i bˆi+1 + bˆ
†
i+1bˆi
)
+
1
2
∑`
i=1
bˆ†i bˆ
†
i bˆi bˆi (4)
that is believed to be non-integrable [35–38]. Here bˆ†i and
bˆi are the bosonic creation and annihilation operators at the
lattice site i. As before, we impose periodic boundary condi-
tions. Note that the hopping rate J is dimensionless because
we measure it in units of the on-site interaction energy (usu-
ally denoted by U ).
At unit filling 〈nˆi〉 = 1, there is a quantum phase transition
(in the thermodynamic limit `→∞) between the Mott insula-
tor regime where the on-site repulsion dominates (in analogy
to the paramagnetic state for the Ising model) and the super-
fluid phase where the hopping rate J dominates (analogously
to the ferromagnetic state). Deep in the Mott phase at J = 0,
the ground state factorizes |Ψ〉 = ⊗i |1〉i, i.e., it is not entan-
gled. For increasing J , on the other hand, we get correlations
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FIG. 4: (color online) Norms of correlated reduced density opera-
tors for two ρˆcorr2 (red), three ρˆcorr3 (green), and four ρˆcorr4 (blue)
neighboring sites in the Bose-Hubbard model with 12 particles in
12 lattices sites. The horizontal dotted lines represent the limit of
the ideal Bose gas (superfluid phase J → ∞). We see qualitatively
similar features as for the Ising model, except that the three-point
correlation is monotonically increasing. The initial sequence (first
two-point, later three-point and even later four-point correlations) is
also present in this case. Again, the four-point correlations overtake
the three-point correlations well before the critical point (here around
Jcrit ≈ 0.3).
such as 〈bˆ†i bˆj〉 which are somewhat analogous to the ferro-
magnetic correlations 〈σˆzi σˆzj 〉.
Unfortunately, for the Bose-Hubbard model, entanglement
measures in analogy to the concurrence are not yet available.
There exist genuine bi-partite and multi-partite entanglement
measures for bosons, but they are known only for special cases
such as Gaussian states or suitable pure states (see [39, 40] and
references therein). Hence, we focus on the reduced density
matrices and their correlated parts. We consider a system of
finite size (12 bosons on 12 lattice sites) and obtain the ground
state numerically for arbitrary J by exact diagonalization in
the subspace of the Hilbert space where the total momentum
is zero. This allows to calculate exactly the reduced density
matrices. We find that they contain, in contrast to the Ising
model, in general more than two non-negligible eigenvalues,
i.e., the approximation (2) would not apply here.
In analogy to Fig. 3, we plot the Schatten one-norms of
the correlated parts of the reduced density matrices in Fig. 4.
We find that – again in contrast to the Ising model – all three
curves are monotonically growing and approach finite asymp-
totic values for J →∞which correspond to the limit of a free
(ideal) Bose gas and can be calculated analytically. Similarly
to the Ising model, we find ||ρˆcorrq ||1 ∼ Jq−1 with q = 2, 3, 4
for small J , as expected from strong-coupling perturbation
theory (see Supplement [24]). This scaling imposes the hier-
archy ||ρˆcorr2 ||1  ||ρˆcorr3 ||1  ||ρˆcorr4 ||1 at small values of
J . However, in analogy to the Ising model, this hierarchy is
partially inverted at J ≈ 0.16 and J ≈ 0.21, i.e. both well
before the critical point is reached (here around Jcrit ≈ 0.3,
see Ref. [41] for a recent review).
Conclusions For the Ising model (1), we study the en-
tanglement of two, three, and four neighbouring sites in the
ground state by means of the approximation (2) based on
the dominance of two eigenvalues. We find a sequential in-
crease of entanglement depth with growing J which we call
avalanche of entanglement (see Fig. 1). We conjecture that
this avalanche continues until pure `-partite (GHZ type) en-
tanglement emerges for J = ∞. This avalanche might also
explain the ln ` divergence of the entanglement entropy at the
critical point, which will be subject of future work.
Using the Schatten one-norms of the correlated reduced
density matrices as rigorous upper bounds for the correla-
tions (3), we find that they also yield approximate upper
bounds for the corresponding entanglement measures (see
Fig. 2). As expected from these observed strong ties between
entanglement and correlations, we find that the latter display
a similar sequence (first two-point, later three-point and even
later four-point correlations) when increasing J (see Fig. 3).
However, we also find a partial inversion of the hierarchy of
correlations: at J ≈ 0.8, i.e., well before the critical point
Jcrit = 1 is reached, the four-point correlations exceed the
three-point correlations and eventually also the two-point cor-
relations. Comparison with the Bose-Hubbard model as an-
other prototypical example reveals a qualitatively similar be-
havior, including the partial inversion of the hierarchy of cor-
relations at J ≈ 0.16, i.e., well before the critical point at
Jcrit ≈ 0.3.
This inversion of the hierarchy is relevant for approxima-
tion schemes based on truncation [42–48]. Let us consider
a quantity such as 〈σxi σxj σxkσxl 〉. To lowest order (mean-
field limit), one could approximate it via 〈σxi σxj σxkσxl 〉 ≈
〈σxi 〉〈σxj 〉〈σxk〉〈σxl 〉, i.e., by neglecting all correlations. As a
possible first-order correction, one could include two-point
correlations such as 〈σxi σxj 〉corr〈σxk〉〈σxl 〉. This first-order ap-
proximation allows us to derive e.g. the magnon dispersion
relations. One can try to successively improve the accuracy
of this approximation by shifting the truncation, i.e., by in-
cluding more and more higher-order correlations. While this
successive approximation procedure works well for small J ,
we found here that it fails for larger J , even well before reach-
ing the critical point.
Outlook It might be interesting to study the possibility of
more general approximation schemes such as (2) based on the
dominance of two or more eigenvalues of the reduced den-
sity operator. In a time-dependent setting one could analyze
how this entanglement avalanche is affected by non-adiabatic
dynamics during a sweep through the critical point.
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1Supplemental material to
Avalanche of entanglement and correlations at quantum phase transitions
Here we report on additional material that supports findings
of the main paper.
ENTANGLEMENT MEASURES AND CORRELATION
FUNCTIONS
Correlated reduced density operators
We consider the Hamiltonian for a system of L lattice sites
of the form
Hˆ =
∑
`1 6=`2
Hˆ`1`2 +
∑
`
Hˆ` , (S1)
where Hˆ` and Hˆ`1`2 are local and two-site operators, respec-
tively; the indices label the lattice sites. The state of the whole
system can be described by the density operator ρˆ = |ψ〉〈ψ|.
In order to study parts of the system, we introduce reduced
density operators for q lattice sites via averaging (partially
tracing) over all other sites:
ρˆ`1...`q = Tr`q+1...`L ρˆ , (S2)
where all `1, . . . , `L : {1, . . . , L} are distinct. Informa-
tion about all possible spatial correlations of the lattice sites
`1 . . . `q is directly contained in the correlated parts of the re-
duced density operator ρˆcorr`1...`q . They are constructed in the
same manner as cumulants. For q = 2, 3 they are explicitly
given by
ρˆcorr`1`2 = ρˆ`1`2 − ρˆ`1 ρˆ`2 (S3)
ρˆcorr`1`2`3 = ρˆ`1`2`3 − ρˆcorr`1`2 ρˆ`3 − ρˆcorr`1`3 ρˆ`2 − ρˆcorr`2`3 ρˆ`1
−ρˆ`1 ρˆ`2 ρˆ`3 .
The operators ρˆcorr`1...`q are hermitean and their traces vanish:
Trρˆcorr`1...`q = 0. They allow to calculate (connected) correla-
tion functions of local operators Oˆ` as
〈Oˆ`1 . . . Oˆ`q 〉corr = Tr
(
ρˆcorr`1...`q Oˆ`1 . . . Oˆ`q
)
. (S4)
In order to obtain quantitative estimates of the q-point cor-
relations, it is convenient to consider the Schatten p-norms
||ρˆcorr`1...`q ||p := p
√
Tr|ρˆcorr`1...`q |p ≡
(∑
i
|λ(i)`1...`q |p
)1/p
,
(S5)
where λ(i)`1...`q are the eigenvalues of the correlated density
operators ρˆcorr`1...`q . The Schatten one-norm is also known as
the trace norm and the two-norm is often called the Frobe-
nius norm or the Hilbert-Schmidt norm. Assuming that the
aboslute value of the matrix elements 〈i|Oˆ`1 . . . Oˆ`q |i〉 in the
eigenstates |i〉 of the operator ρˆcorr`1...`q are not larger than one,
it is easy to see that
∣∣∣〈Oˆ`1 . . . Oˆ`q 〉corr∣∣∣ ≤ ||ρˆcorr`1...`q ||1.
In the present work, we deal with the ground states of
one-dimensional translationally invariant systems. In this
case, the density matrices depend only on the distances be-
tween the lattices sites. One can always order the site in-
dices such that `1 < `2 < · · · < `q and we can write
ρˆcorr`1...`q ≡ ρˆcorrq (d1, . . . , dq−1), where di = `i+1 − `i > 0
are the corresponding distances. Intuitively, one would expect
that (i) the correlations of a fixed number of sites decrease
with the distances between the sites and (ii) the correlations
for fixed distances decrease with the number of sites. For
nearest neighbors, the latter would lead to inequalities
||ρˆcorr2 (1)||p  ||ρˆcorr3 (1, 1)||p  . . . (S6)
Our analysis of two completely different models presented be-
low shows that the expectation (i) is always satisfied whereas
(ii) does not necessarily hold.
Correlations as upper bounds to entanglement
For pure states, the largest correlation function ||ρˆcorr`1`2 ||1 co-
incides with the concurrence C2(`1, `2) [1]. This strict equal-
ity for pure states turns into an upper bound for the con-
currence of mixed states (see Fig. S1). It is interesting to
see whether the respective correlation functions are an upper
bound to the corresponding entanglement measure.
For the three-tangle τ3 we find that it is almost upper
bounded by ||ρˆcorr3 ||1 for pure states of three qubits (see Fig. S2
or Fig. 2 in the main paper). There are however some pure
states for which τ3 is slighly above ||ρˆcorr3 ||1.
We do not reach a satisfactory statistics to make a similar
statement also in the situation of pure states for four qubits.
The result is shown for 900.000 random choices of pure states
for τa4 in Fig. S3. It can be seen, however, that for almost all
states out of this sample the inequality holds; there are exam-
ples shown for which ||ρˆcorr4 ||1 is smaller than τa4 .
The genuine multipartite entanglement content, i.e. the
three-tangle
√
τ3 and the three four-tangles τa4 =
3
√
F (4)1 ,
τ b4 =
4
√〈
F (4)2
〉
s
, and τ c4 =
6
√
F (4)3 from Ref. [4] for the
nearest-neighboring sites are shown in Fig. 1 of the main arti-
cle. Numerical calculations show that τa4 , τ
b
4 , τ
c
4 for the near-
est neighbors are the same, although we do not have a rigorous
analytical proof of that. Therefore, we do not need to distin-
guish between the three four-tangles and drop the upper index.
This also means that the entanglement would only be due to
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FIG. S1: The concurrence C2(d) is plotted together with ||ρcorr2 (d)||1
for distances d = 1 (left figure) and d = 2 (right figure). For d = 1,
it is clearly seen that indeed ||ρcorr2 (1)||1 as largest correlation func-
tion is an upper bound to the corresponding concurrence. For d = 2,
the concurrence drops to 0.04 at its maximum at the critical point,
wheras ||ρcorr2 (2)||1 is about roughly the same as ||ρcorr2 (1)||1.
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FIG. S2: The three-tangle is plotted against the largest correlation for
pure states. We have done a plot for each state as labled by an Acin
state [2] statistically. Each dot in the figure corresponds to a single
state. Although the largest correlation function is not always larger
that the three-tangle (as for two qubits) it is however satisfied approx-
imately (see the thin black line, signalling equality of the both). The
green and red curve are GHZ states which are made of two and four
components, respectively. The four component GHZ state connects
the W states with the product states. It is seen that some states do
exist with an even larger ||ρcorr3 ||1 as the W state.
the three- or four-particle GHZ-states, respectively. Such a be-
haviour goes conform with the expectations for that particular
model [21].
||ρˆcorr4 ||1
τ 4
FIG. S3: The four-tangle τ4 is shown here against ||ρˆcorr4 ||1 for pure
states. We have chosen the pure states statistically from the extended
Schmidt form [3]. Each dot in the figure corresponds to a single state.
We do not have enough statistics, as can be seen from our viewgraph.
Although states for arbitrary value of τ4 should be there whose value
of ||ρˆcorr4 ||1 comes arbitrarily close to the line τ4 = ||ρˆcorr4 ||1, we don’t
see any occurrences at larger values of τ4.
RESULTS FOR THE ISING MODEL
Rank-two approximation
The quantum transverse Ising model is a special case of the
transverse XY-model
Hˆ = −J
∑`
i=1
(
1 + γ
2
σˆxi σˆ
x
i+1 +
1− γ
2
σˆyi σˆ
y
i+1
)
−
∑`
i=1
σˆzi .
(S7)
For γ 6= 0 it has a quantum phase transition of the Ising
type. The reduced density matrices of two, ρˆ2 = ρˆij , three,
ρˆ3 = ρˆijk, and four, ρˆ4 = ρˆijkl, neighboring spins [5, 6] es-
sentially possess two dominant eigenvalues p1 and p2 while
the sum of the remaining sub-dominant eigenvalues stays be-
low 2.5%. The second eigenvector interferes strongly with
the entanglement of the first, whereas we checked that this is
not the case for the third; the remaining error is maximally
pI>3 ≈ 0.5%. Therefore we only consider the case of rank
two density matrices and neglect the rest of few percents of
weight. What one is left with are the two highest weights p1
and p2 of the density matrix. We briefly discuss two ways of
taking care of them: 1) take p1 or 2) take p1/(p1 + p2) as the
highest weight of the new rank-two density matrix. Whereas
in 1) one assumes that the neglected part is as destructive to
the entanglement as the second state is, in 2) the remaining
states do not enter the calculation at all. Both are neither an
upper bound nor a lower bound to the entanglement. Details
on how the approximations works for the concurrence can be
seen in Figs. S4 and S5.
The procedure 1) works perfectly for nearest neighbors,
where the plots can hardly be distinguished for the transverse
Ising model and also for the transverse XY-model for J up
to the factorising field, where they start to deviate consid-
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FIG. S4: Top: The concurence C2(1) is plotted together with
the two approximations 1) and 2) (see text) for the transverse Ising
model. It can be seen that approximation 1) (blue dashed curve; al-
most invisible here) basically coincides with the exact concurrence
(black curve). The approximation following scheme 2) (green dash-
dotted curve) slightly lies above the exact curve. This is demon-
strated in the inset, where the differences C(1)Diff. := C − C(1) (blue
dashed curve) and C(1)Diff. := C
(2) − C (red curve) are shown.
Bottom: The same plots as for the transverse Ising chain are shown
here for the transverse XY model with anisotropy parameter γ = 0.5.
Here the concurrence C2(1) is well described by approximation
scheme 1) up to the factorising field. Beyond this point, the approxi-
mation is still reasonable, but lies above the exact curve.
erably. This is different when considering larger distances,
where both curves have similar shapes only around the criti-
cal point (see Fig. S5). It gives good estimates even for the
zeros of the exact concurrence and avoids over-estimating the
entanglement in the state.
Correlation functions
The concurrences C2(`1, `2) ≡ C2(d), where d = |`2− `1|
are shown together with the 1-norm of ρcorr2 in Fig. S1.
Wheras the 1-norm of the correlations has no substantial
changes, the concurrence at distance d = 2 modifies to about
2% of the maximal value for nearest neighbors (see inset).
0 0.5 1 1.5 2
J
0
0.005
0.01
0.015
0.02
0.025
0.03
C: exact value
C: approx. 1)
C: approx. 2)
FIG. S5: The concurrence C2(3) is shown for the transverse XY-
model and anisotropy parameter γ = 0.5. The approximation fol-
lowing scheme 1) is reasonable around the critical point in between
the two zeros. Beyond these points it deviates considerably from
zero. It however gives a close prediction of the non-trivial zero of
C2(3).
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FIG. S6: ||ρˆcorr3 (d1, d2)||1 is shown for (d1, d2) from nearest neigh-
bors (1, 1) (black, 0) to (1, 3) (green, 2) together with (2, 2) (blue,
3). It is not much affected like for the two-site case, in that it only
goes down to about one third of ||ρˆcorr3 (1, 1)||1. The maximum is
assumed at roughly J & 0.945 and is slighly moving towards the
critical point Jc = 1 when the sites are moving away from each
other.
This qualitatively doesn’t change much for 3 sites at dis-
tances (d1, d2) which means that if the first particle is at site
`1 the next site is at `1 + d1 and the third one at `1 + d1 + d2
(hence, the next neighbor reduced density matrix would be
ρˆ3(1, 1)). This is shown in Fig. S6, where different distances
have been considered for ||ρˆcorr(d1, d2)||1: (d1, d2) = (1, 1)
to (1, 3) and (2, 2). ||ρˆcorr3 (d1, d2)||1 decays to about one third
of the nearest neighbor situation ||ρˆcorr3 (1, 1)||1 with a maxi-
mum at J & 0.945 which is moving tinily up to 0.98. One
could extract the tendency that the maximum moves for (1, 1)
to (1, d2) and from (1, 1) to (d1, d1) closer to the critical
point (where in the ulimate example we have only considered
the additional case (2, 2)). Observe the astonishingly paral-
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FIG. S7: ||ρˆcorr4 ||1 is shown for distances corresponding to (1, d2, 1)
for d = 1 (red, 1) to 3 (blue, 3). The effect of growing d seems to be
that the curve for d be an upper limit to m with m < n. The major
change is done around the critical value of Jc = 1. The inset shows
the distances (2, 1, 2) and (2, 2, 2) as compared to (1, 1, 1). There is
not much difference noted.
lel situation to the two-site case, namely that ||ρˆcorr3 (d1, d2)||1
doesn’t change so drastically with growing distance. This
continues to hold for ||ρˆcorr4 (d1, d2, d3)||1 (see Fig. S7).
Difference in the norm
We have seen that the 1-norm serves as an upper bound to
the correlation functions in the model. We nevertheless stud-
ied also the 2-norm, known as the Hibert-Schmidt or Frobe-
nius norm. The result is shown in Fig S8. It is seen that the
2-norm close to the crtitical point ρˆcorr4 (1, 1, 1) is still consid-
erably larger than ρˆcorr3 (1, 1); it is however still smaller than
ρˆcorr2 (1) showing only a partial reordering. The corresponding
eigenvalues of the matrices ρˆcorrq (1), q = 2, 3, 4 is shown in
Fig. S9.
RESULTS FOR THE BOSE-HUBBARD MODEL
The ground state of the Hamiltonian (4) is obtained nu-
merically for arbitrary J by exact diagonalization in the sub-
space of the Hilbert space where the total momentum is zero.
This allows to calculate exactly the reduced density matri-
ces. In the basis of the occupation numbers n1 . . . nq , the
entries 〈n1 . . . nq|ρˆq(d1, . . . , dq−1)|n′1 . . . n′q〉 do not vanish,
provided that
∑q
i=1 ni =
∑q
i=1 n
′
i = nB = 0, . . . , N . Thus,
the reduced density matrices possess a block-diagonal struc-
ture and the blocks are labeled by nB. The correlated density
matrices have a similar structure.
The eigenvalues of the correlated reduced density operators
ρˆcorrq (1, . . . , 1) are shown in Fig. S10. With the increase of the
number of lattice sites q, the number of nonvanishing eigen-
values grow but their magnitudes decrease. This leads to a
qualitatively different behavior of the one- and two-norms that
0 0.5 1 1.5
J
0
0.5
1
1.5
2
2
3
4
||ρˆ
co
rr
2,
3,
4
|| 1
0 0.5 1 1.5
J
0.1
0.2
0.3
0.4
0.5
2
4
3
||ρˆ
c
o
rr
q
|| 2
FIG. S8: Norms of correlated reduced density operators
ρˆcorr2 (1) (red,2), ρˆcorr3 (1, 1) (green,3), ρˆcorr4 (1, 1, 1) (blue,4) for the
ground state of the transverse Ising model. (a) 1-norms. For
J . 0.8, ||ρˆcorr2 (1)||1 > ||ρˆcorr3 (1, 1)||1 > ||ρˆcorr4 (1, 1, 1)||1. For
0.8 . J . 1, ||ρˆcorr2 (1)||1 > ||ρˆcorr4 (1, 1, 1)||1 > ||ρˆcorr3 (1, 1)||1.
For J & 1, ||ρˆcorr4 (1, 1, 1)||1 > ||ρˆcorr2 (1)||1 > ||ρˆcorr3 (1, 1)||1.
(b) 2-norms. ||ρˆcorr2 (1)||2 is always larger than ||ρˆcorr3 (1, 1)||2 and
||ρˆcorr4 (1, 1, 1)||2. For J . 0.9, ||ρˆcorr4 (1, 1, 1)||2 < ||ρˆcorr3 (1, 1)||2,
and for J & 0.9 we have the opposite.
are plotted in Fig. S11. The one-norms ||ρˆcorrq (1, . . . , 1)||1
grow monotonically with the increase of J and tend to fi-
nite constant values in the limit J → ∞. For small values
of J , we indeed have (S6) but already at moderate values of
J the one-norms for different q become comparable to each
other. It is quite surprising that ||ρˆcorr4 (1, 1, 1)||1 becomes
quickly larger than ||ρˆcorr3 (1, 1)||1 and later also larger than
||ρˆcorr2 (1)||1. This happens much before the critical point Jc
of the superfluid–Mott-insulator transition. Hence we observe
the same behavior as for the integrable Ising model.
The two-norms ||ρˆcorrq (1, . . . , 1)||2 display completely dif-
ferent behavior because the contribution of small eigenval-
ues is suppressed. The inequalities (S6) are satisfied for the
two-norms at any value of J , although the difference between
q = 2, 3, 4 is not very large near and above Jc. The two-norms
possess broad maxima and approach their asymptotic values
at J →∞ from above.
If we consider one- and two-norms for fixed q but vary the
distances between the sites, we find that both norms decrease
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FIG. S9: Eigenvalues of the correlated reduced density operators
ρˆcorr2 (1) (a), ρˆcorr3 (1, 1) (b), ρˆcorr4 (1, 1, 1) (c) for the ground state of
the transverse Ising model.
with the distance which is demonstrated in Fig. S12 for two
sites (q = 2). The same was also observed for the transverse
Ising model.
The correlated reduced density matrices can be calculated
analytically for small values of J , employing the strong-
coupling expansion [7]. In the leading order of J , this gives
the following results for their nonvanishing eigenvalues
λ
(±1)
2 (1) ≈ ±
√
2n(n+ 1) J , (S8)
λ
(±1)
2 (2) = λ
(±2)
2 (2) ≈ ±n(n+ 1) J2 ,
λ
(±2)
2 (2) ≈ ±(2n+ 1)
√
2n(n+ 1) J2 ,
λ
(±1)
3 (1, 1) ≈ ±2n(n+ 1) J2 ,
λ
(±2)
3 (1, 1) = r
(±3)
3 (1, 1) ≈ ±n(n+ 1) J2 ,
λ
(±4)
3 (1, 1) ≈ ±
2
3
√
n(n+ 1)(2n2 + 2n− 1) J2 ,
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FIG. S10: Eigenvalues of the correlated reduced density operators
ρˆcorr2 (1) (a), ρˆcorr3 (1, 1) (b), ρˆcorr4 (1, 1, 1) (c) for the ground state of
the Bose-Hubbard model. Black lines – exact diagonalization for
N = L = 12. Red lines – strong-coupling expansion, see Eqs. (S8).
where n = N/L is assumed to be an arbitrary integer. Then
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FIG. S11: Norms of correlated reduced density operators
ρˆcorr2 (1) (red,2), ρˆcorr3 (1, 1) (green,3), ρˆcorr4 (1, 1, 1) (blue,4) for the
ground state of the Bose-Hubbard model. The results of exact di-
agonalization are shown by dashed curves for N = L = 9 and by
solid curves for N = L = 12. Horizontal dotted lines - the limit
of the ideal Bose gas (J → ∞, N = L = 12). Thin solid lines –
strong-coupling expansion [Eq. (S10)].
for the norms we get
||ρˆcorr2 (1)||1 ≈ 2
√
2n(n+ 1) J , (S9)
||ρˆcorr2 (1)||2 ≈ 2
√
n(n+ 1) J ,
||ρˆcorr2 (2)||1 ≈ 2
[
2n(n+ 1)
+(2n+ 1)
√
2n(n+ 1)
]
J2 ,
||ρˆcorr2 (2)||2 ≈ 2
√
n(n+ 1)(5n2 + 5n+ 1) J2 ,
||ρˆcorr3 (1, 1)||1 ≈
[
8n(n+ 1)
+
4
3
√
n(n+ 1)(2n2 + 2n− 1)
]
J2 ,
||ρˆcorr3 (1, 1)||2 ≈
2
3
{n(n+ 1) [31n(n+ 1)− 2]}1/2 J2 .
In the special case n = 1, this gives
||ρˆcorr2 (1)||1 ≈ 4J , ||ρˆcorr2 (1)||2 ≈ 2.82J , (S10)
||ρˆcorr3 (1, 1)||1 ≈ 19.266J2 , ||ρˆcorr3 (1, 1)||2 ≈ 7.3J2 ,
which is in excellent agreement with our numerical calcula-
tions (see Fig. S11).
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FIG. S12: Norms of correlated reduced density operators
ρˆcorr2 (1) (red,1), ρˆcorr2 (2) (green,2), ρˆcorr2 (3) (blue,3) for the ground
state of the Bose-Hubbard model. The results of exact diagonaliza-
tion are shown by dashed curves for N = L = 9 and by solid curves
forN = L = 12. Horizontal dotted lines - the limit of the ideal Bose
gas (J → ∞, N = L = 12). Thin solid lines – strong-coupling ex-
pansion [Eq. (S9)].
In the limit of the ideal Bose gas (J → ∞), the entries of
the reduced density matrices depend only on the number of
sites q but not on the distances between those:
〈n1 . . . nq|ρˆq|n′1 . . . n′q〉 =
N !
(N − nB)!nB!
(
nB!
n1! . . . nq!
)1/2
×
(
nB!
n′1! . . . n′q!
)1/2 (
1− q
L
)N−nB ( 1
L
)nB
. (S11)
Eq. (S11) leads to rather simple expressions for the 2-norms
in the thermodynamic limit
||ρˆcorr2 ||2 =
[
I0(4〈nˆ`〉)− I20 (2〈nˆ`〉)
]1/2
e−2〈nˆ`〉 ,
||ρˆcorr3 ||2 = [I0(6〈nˆ`〉)− 3I0(2〈nˆ`〉)I0(4〈nˆ`〉)
+ 2I30 (2〈nˆ`〉)
]1/2
e−3〈nˆ`〉 ,
where 〈nˆ`〉 = N/L is not necessarily an integer and I0(x) is
the modified Bessel function of the first kind. For 〈nˆ`〉 = 1,
this yields ||ρˆcorr2 ||2 ≈ 0.334, ||ρˆcorr3 ||2 ≈ 0.184. These values
are slightly lower than those shown in Fig. S11(b) indicated
by the horizontal dotted lines, which is a manifestation of the
finite-size effects.
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